The neutron-spin-echo method (NSE) is a powerful technique for studying internal dynamics of macromolecules in solutions because it can simultaneously probe length and time scales comparable to intramolecular density fluctuations of macromolecules. Recently, there has been increased, strong interest in studying protein internal motions using NSE. The coherent intermediate scattering function (ISF) measured by NSE depends on internal, rotational, and translational motions of macromolecules in solutions. It is thus critical, but highly nontrivial, to separate the internal motion from other motions in order to properly understand protein internal dynamics. Even though many experiments are performed at relatively high concentrations, current theories of calculating the ISF of concentrated protein solutions are either inaccurate or flawed by incorrect assumptions for realistic protein systems with anisotropic shapes. Here, a theoretical framework is developed to establish the quantitative relationship of different motions included in the ISF. This theory based on the dynamic decoupling approximation is applicable to a wide range of protein concentrations, including dilute cases. It is also, in general, useful for studying many other types of macromolecule systems studied by NSE. DOI: 10.1103/PhysRevE.95.020501
The neutron spin echo method (NSE) was originally proposed by Mezei in the 1970s [1] . Differing from traditional scattering spectrometers that report the double differential scattering cross section, it directly measures the intermediate scattering function (ISF) . By utilizing the precession properties of neutron spins in magnetic fields, NSE significantly increases the energy resolution by probing the long correlation time of an experimental system. It can access length scales from a few angstroms to about 20 nm with the correlation time ranging from a few picoseconds to hundreds of nanoseconds. Nowadays, many major neutron scattering facilities across the world, such as NCNR and SNS in the United States, ILL in France, and FRMII in Germany, have NSE instruments in routine use. NSE has applications in many different scientific areas, such as micellar systems [2] , polyelectrolytes [3] , magnetic systems [4] , lipid membrane [5] , protein cluster formation [6] [7] [8] [9] and glass transitions [10, 11] , protein internal motions [12] [13] [14] [15] [16] , polymer systems [17] , and small molecule dynamics under confinements [18] . In these areas, there has been much increased use of NSE to study internal motions of macromolecules in solutions [2, [12] [13] [14] [15] . In particular, the study of internal motions of proteins in solutions has gained significant interest in the past decade due to its importance in understanding protein functionalities based on internal dynamics [12] [13] [14] [15] [16] 19, 20] . In fact, because it covers the right length and time scale, NSE is a very useful tool to directly probe the internal motions of proteins, and can provide complementary information of protein internal dynamics studied by other techniques such as NMR [21] . The dynamics of macromolecules in solutions, however, contains translational, rotational, and internal motions, which all contribute to the ISF measured by the NSE. It is also highly nontrivial to separate the internal motion from the translational and rotational motions in the analysis of the ISF.
* yun.liu@nist.gov; yunliu@udel.edu To obtain the internal motion, studies using NSE focus on the coherent intermediate scattering function (ISF) that can be expressed as
where V is the sample volume in the neutron beam, b m is the scattering length of the mth atom in a sample, r m (0) is the position of the mth atom at time t = 0, and r n (t) is the position of the nth atom at time t. (· · · ) * indicates the complex conjugate of the complex number (· · · ). The scattering wave vector, Q, is equal to
), where λ is the wavelength of the incident neutron and θ is the scattering angle.
Even though concentrated protein solutions have been widely used to study internal motions in many NSE experiments [11, [13] [14] [15] 19, 22, 23] , current available theories to calculate the ISF either cannot be applied to concentrated protein systems, or are based on inaccurate assumptions for systems with anisotropic shapes. The most widely used theory for understanding internal motions in recent years has assumed that the collective translational motion can be decoupled from the internal and rotational motions through a simple relation [13] [14] [15] 22, 23] . Based on this approach, the widely used equation for the normalized ISF can be generally expressed as
where · · · θ indicates the angular average, I tran ( Q,t) contains only the contribution of the collective translational motions, [13] [14] [15] 22] , where S(Q) is the interparticle structure factor and H (Q) is the hydrodynamic function due to the solvent flow motions induced by protein movements in solutions. Equation (2) , while intuitive, has not been rigorously justified theoretically. Here, starting from the most fundament scattering principle, a different theoretical framework is developed to properly address the relationship between translational, rotational, and internal motions over a wide range of protein concentrations, including the dilute limit. Our results indicate that the formula shown in Eq. (2) is incorrect for realistic models of proteins having anisotropic shapes. In fact, most proteins are not spherical at all, especially for those with flexible domains. Even lysozyme and bovine serum albumin proteins, which are traditionally called globular proteins, are much better approximated by an ellipsoid shape with an aspect ratio of about 2 and 3, respectively [25, 26] . Because many NSE experiments are performed at relatively high protein concentrations, the approach here is thus very important for properly interpreting the NSE data that study both translational and internal motions of proteins in future, and can be applied, in general, to any colloidal systems, including the systems with size and shape polydispersity.
General theory for the ISF of concentrated proteins solutions. To derive the general theoretical framework of ISF for proteins in solutions, we start from Eq. (Here, without losing generality, the scattering length of small solvent molecules can be assumed to be zero to simplify the notations in this paper.) Therefore, I ( Q,t) can be rewritten as
This can be decomposed into
Because proteins in solutions are typically randomly oriented, we can take the angular average of Eq. (4) as
where N is the total number of proteins, r j (t) = r j (0) − r j (t), r j,k (t) = r j (0) − r k (t), and · · · θ indicates the angular average. · · · θ,N indicates not only the angular average, but also the average over N proteins. In protein systems, the angular averaged form factor can be measured by either small-angle neutron scattering (SANS) or small-angle xray scattering (SAXS), and is typically defined as
If the protein is monodisperse, the angular averaged form factor for every protein is the same. We then can drop the subscripts j and N to have (5) can then be reduced to
and S eff (Q,t) = S self (Q,t) + S coll (Q,t), with
The above equations are obtained without any assumptions. S self (Q,t) contains the information about the internal and rotational motions that are coupled with the self-translational motion of a protein, r j (t). S coll (Q,t) accounts for the possible coupling of the internal and rotational motions between different proteins through F j ( Q,0)F * k ( Q,t), which is linked to the collective motion, r j,k (t). Hence, by comparing Eqs. (2) and (6), one sees that Eq. (2) clearly does not properly treat the coexistence of both collective translational and internal or rotational motions.
Dynamic decoupling approximation. Equation (8), while quite general as it stands, needs to be simplified for useful applications. For this purpose, we can appeal to the well-known decoupling approximation used by Chen and coworkers [27] in the 1980s for anisotropic particulate systems to interpret static scattering functions measured by SANS and SAXS. It can be thus argued that for not too high protein concentrations, the orientation of neighboring proteins is independent of the relative position of the center of mass of these proteins. Hence we may assume that
Since the orientation of the j th protein is independent of the kth protein now,
(Note that the subscripts j and k are dropped in the last equation as the result is the same for every protein because we focus now on the monodisperse protein. Later in the paper, we will discuss how to treat the size and shape polydispersity.) Then defining
we have
It is known from simple-liquid theory that the collective translational motion of the center of mass of many proteins in a system can be expressed as S(Q,t) = j,k e i Q · r j,k (t) N , which can be approximated as
based on conventional theories of simple liquids [28] . Hence
Therefore, by using the decoupling approximation, Eq. (6) can now be expressed as
Note that β(Q) is independent of time and is only a function of the shape of a protein. Once the shape is known, β(Q) can be calculated.
When t = 0, Eq. (14) becomes
This is the decoupling approximation equation proposed by Chen and coworkers for static scattering functions [27] .
Thus, the normalized ISF typically reported by NSE is
Equation (16) is the correct ISF to analyze the data of concentrated protein solutions measured by NSE. The only assumption here is the dynamic decoupling approximation. Since the static decoupling approximation has been widely used in the past several decades for many protein systems with the concentrations as high as even 20% mass fraction [9, 29] it is reasonable to expect that the dynamic decoupling approximation should be valid for a wide range of concentrations. In general, the smaller the concentration, the better the decoupling approximation works. Most NSE studies for internal motions have protein concentrations less than 6% mass fraction [13, 15] . Therefore, Eq. (16) should be valid for the protein concentration range of interest. Of course, this depends also on the shape of the proteins. Future studies are needed to investigate the applicable range of proteins with different shapes and correlation time.
Note that since S(Q,t) in Eq. (16) corresponds to I tran ( Q,t) θ of Eq. (2), the internal motion is clearly not coupled to the collective translational motion, S(Q,t), through a multiplication at any concentration. It is only coupled with the self-translational motion in S self (Q,t).
At dilute condition, S(Q,t) = j e i Q · r j (t)

N
, and S(Q) = 1. Hence,
Thus, at dilute condition, there is no need to worry about the collective diffusion, S(Q,t), as expected.
In the following, special cases of the dynamic decoupling approximation are discussed.
Special cases of the dynamic decoupling approximation: Particles with isotropic density distribution. If all particles are monodisperse with an isotropic density distribution, β(Q) = 1. And the self-translational diffusion should be the same for all particles. 
Note that the internal motions are all included in F j ( Q,0)F * j ( Q,t). Because the particle density distribution is isotropic, there is no contribution from the rotational motion. Equation (19) is useful for calculating the internal motion along the radial direction of an isotropic particle. It is rare for proteins to have an isotropic density distribution, but it is possible for micellar and polymer systems or other vesicle systems [30] .
In the absence of internal motions, Eq. (19) becomes very simple, as
I (Q,t)/I (Q,0) = S(Q,t)/S(Q)
This is the well-known ISF for colloidal systems with rigid spheres. For dilute rigid sphere systems, I (Q,t)/I (Q,0) = e −Q 2 D 0 t , which is the ISF for single-particle diffusion in solutions that can be measured by either DLS or NSE.
Special cases of the dynamic decoupling approximation: Asymptotic behavior at high Q. For anisotropic particles such as many protein systems, β(Q) quickly decays to zero at relatively high Q [31] . Then Eq. (16) reduces to
By calculating β(Q) for a given protein shape, we can easily identify the Q range at which β(Q) is close to zero. For this range, there is no need to worry about the behaviour of the collective diffusion, S(Q,t), which can become extremely challenging for concentrated systems with anisotropic proteins. Thus, the problem is greatly simplified by only calculating the self-translational diffusion.
Special cases of the dynamic decoupling approximation: Asymptotic behavior at very low Q. At low Q, β(Q) approaches unity, and the form factor approaches its low-Q limit so that S self (Q,t) ≈ e 
I (Q,t)/I (Q) = S(Q,t)/S(Q).
Thus, at very low Q values, the ISF does not depend on the internal motions. Hence DLS is not suitable to probe internal motions of proteins due to the small Q it can reach.
But dynamic light scattering is very well suited to study the translational motions of proteins.
Effective diffusion coefficient at the short-time limit. Many NSE studies directly analyse the short-time limit result by extracting the effective diffusion coefficient,
] [12, 20, 22] . Using Eq. (16), D eff (Q) can be expressed as
where D T (Q) is the collective diffusion coefficient, which can be approximated as D 0
, and
We can further simplify Eq. (24). After averaging over N proteins for Eq. (7) and applying a Gaussian approximation to r j (t), we can obtain
where r 2 ( Q,t) is the mean square displacement of one protein along the Q direction. (Note that if protein subunits are linked by very soft linkers, the mobility of the center of mass is also affected by the internal motions and is not simply determined by its overall shape. Then there is a need to consider the subunit motions directly as mentioned in Ref. [20] .) If the correlation time t is larger than the momentum relaxation time due to the solvent perturbation of a protein motion [28] , the projected one-dimensional diffusion along Q is r 2 ( Q) = 2D s ( Q)t. For this case, Eq. (25) becomes
In the short-time limit, we can simplify Eq. (24) using (26) to have
where
and
Here, both the rotational and internal motions are included in D Intra,eff (Q). Thus, for finite protein concentrations, the analysis of the effective diffusion coefficient should use Eq. (23), which is different from the previous approaches [22, 23] .
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At very dilute concentrations, Eq. (23) can be simplified as
For a rigid protein without internal motions in the time window probed by NSE, D Intra,eff (Q) only depends on the rotational motion, and can be expressed as
whereH (t) is the rotational matrix. Equations (28) and (31) are equivalent to the theory proposed by Bu et al. for dilute protein concentrations [12] . For rigid proteins, Eqs. (28) and (31) can be calculated with known rotational and translational diffusion tensors, which can be obtained with many methods or with existing software if the protein structure is known [12, 32] .
Applications to other colloidal systems. The above derivations have been focused on protein systems that are typically monodisperse. But the dynamic decoupling approximation proposed here can be applied to many other types of proteins with multiple conformations in solutions, and colloidal systems, such as micelles and polymers in solutions, in which the size polydispersity and shape polydispersity are important. Altering the dynamic decoupling approximation to address both size and shape polydispersity is actually very straightforward. We just need to replace the form factor P (Q) with P (Q) size , and redefine β(Q) as (32) in Eqs. (14), (16) , and (23), where · · · θ,size means the average over the angle, size, and shape distribution, and P (Q) size means the averaged form factor over the size and shape distribution after the angular average. We demonstrate here the differences of D eff (Q) calculated with different theories by considering the polydispersity effect as some proteins may have clusters such as dimers and tetramers, or can have different conformations in solutions. (The effect of the dynamic decoupling approximation for other cases such as anisotropic systems will be presented in a future paper.) To simplify the calculations, a model system with spherical particles is considered here. The average radius of spheres is chosen to be 3 nm with a Gaussian size distribution. The variance of the relative size distribution is 10%, and the particle volume fraction is chosen to be 5% compatible to the concentration range used in published studies. The normalized form factor, P (Q) size / P (0) size , of this model system is calculated and shown in Fig. 1(a) . As all particles are solid spheres, the internal and rotational contributions to D eff (Q) can be ignored. Assuming that these particles are dispersed in water at room temperature, D eff (Q) can be evaluated using either Eq. (2) (blue circles) or Eq. (23) (green stars) as shown in Fig. 1(b) . [To simplify the calculation, the hydrodynamic function is assumed to be one for both theories. S(Q) is evaluated using the Ornstein-Zernike equation and is also shown in Fig. 1(a) ].
The free diffusion coefficient measured by the DLS is essentially D T ,self (Q = 0), which can be estimated using Eq. (28) . But D 0 should be D s (Q = 0) at infinitely dilute concentration. D T ,self (Q = 0) and D s (Q = 0) are two different physics parameters, and may not have identical values. However, since many papers used the DLS result as D 0 when using Eq. (2), we followed this practice to use D T ,self (Q = 0) to estimate D 0 in Fig. 1(b) . [However, it is important to point out that for some systems, such as the polydisperse particle system discussed here,
The results shown in Fig. 1(b) indicate that at relatively low Q, the difference is negligible. However, at relatively high Q, the difference is very significant due to the different ways of treating the self-translational motion, D T ,self , and the collective translational motion, D T (Q). The dynamic decoupling approximation requires the information of both Thus, the result from Eq. (2) cannot properly estimate the translational motions accurately at high Q. Since the enhanced dynamics due to internal motions also happen at high Q, this may become a potential problem when modeling the internal dynamics using Eq. (2) . Note that at the high Q limit, D T (Q) approaches D s (Q), and D s (Q) is usually different from D T ,self at high Q for both anisotropic and polydisperse systems.
In summary, we have obtained a general fundamental equation for the applications of NSE that correctly relates the translation motion to internal and rotational motions at relatively large protein concentrations based on the dynamic decoupling approximation. Current commonly used theories to study proteins at high concentrations in the field for the past decade may need to be carefully revisited to compare with the theory developed in this paper. This theoretical framework is thus critically important for applications of the NSE to study protein internal motions, especially at relatively high concentrations. In addition, there are also many NSE studies on concentrated protein solutions to help understand protein solution structures [6, 9, 33] and cluster formations that are found important for the drug delivery of therapeutic proteins to patients [7, 8] . This theory can help to interpret those data, too. Furthermore, this theory, in general, can be applied to study many other types of colloidal systems. It is also useful to understand the ISF obtained from other techniques such as DLS and XPCS (x-ray photon correlation spectroscopy) if the size of the particles is in the right range.
